Abstract. Let X be a smooth manifold with a (smooth) involution σ : X → X such that Fix(σ) = ∅. We call the space P (m, X) := S m × X/ ∼ where (v, x) ∼ (−v, σ(x)) a generalized Dold manifold. When X is an almost complex manifold and the differential T σ : T X → T X is conjugate complex linear on each fibre, we obtain a formula for the Stiefel-Whitney polynomial of P (m, X) when H 1 (X; Z 2 ) = 0. We obtain results on stable parallelizability of P (m, X) and a very general criterion for the (non) vanishing of the unoriented cobordism class [P (m, X)] in terms of the corresponding properties for X. These results are applied to the case when X is a complex flag manifold.
Introduction
Let P (m, n) denote the space obtained as the quotient by the cyclic group Z 2 -action on the product S m × CP n generated by the involution (u, L) → (−u,L), u ∈ S m , L ∈ CP m whereL denotes the complex conjugation. The spaces P (m, n), which seem to have first appeared in the work of Wu, are called Dold manifolds, after it was shown by Dold [6] that, for suitable values of m, n, the cobordism classes of P m,n serve as generators in odd degrees for the unoriented cobordism algebra N. Dold manifolds have been extensively studied and have received renewed attention in recent years; see [9] , [15] and also [14] , [20] , and [4] .
The construction of Dold manifolds suggests, among others, the following generalization. Consider an involution on a Hausdorff topological space σ : X → X with non-empty fixed point set and consider the space P (m, X, σ) obtained as the quotient of S m × X by the action of Z 2 defined by the fixed point free involution (v, x) → (−v, σ(x)). We obtain a locally trivial fibre bundle with projection π : P (m, X, σ) → RP m and fibre space X. If x 0 is a fixed point of σ, then the bundle admits a cross-section s : RP m → P (m, X, σ) defined as s([v]) = [v, x 0 ]. If X is a smooth manifold and if σ is smooth, then the above bundle and the cross-section are smooth. of P (m, X). Assuming that Fix(σ) = ∅ and H 1 (X; Z 2 ) = 0, we obtain a formula for the Stiefel-Whitney classes of P (m, X) (Theorem 3.1) and a necessary and sufficient condition for P (m, X) to admit a spin structure (Theorem 3.2). We also obtain results on the stable parallelizability of the P (m, X) (Theorem 3.3) and the vanishing of their (unoriented) cobordism class in the cobordism ring N (Theorem 3.7).
Recall that a smooth manifold M is said to be parallelizable (resp. stably parallelizable) if its tangent bundle τ M (resp. R ⊕ τ M ) is trivial.
By the celebrated work of Adams [1] on the vector field problem for spheres, one knows that the (additive) order of the element ([ζ] − 1) ∈ KO(RP m ) equals 2 ϕ(m) where ζ is the Hopf line bundle over RP m and ϕ(m) is the number of positive integers j ≤ m such that j ≡ 0, 1, 2, or 4 mod 8.
The complex flag manifold CG(n 1 , . . . , n r ) is the homogeneous space U (n)/(U (n 1 ) × · · · × U (n r )), where the n j ≥ 1 are positive integers and n = 1≤j≤r n j . These manifolds are well-known to be complex projective varieties. We denote by P (m; n 1 , . . . , n r ) the space P (m, CG(n 1 , . . . , n r )). The complete flag manifold CG(1, . . . , 1) is denoted Flag(C n ). Note that CG(n 1 , n 2 ) is the complex Grassmann manifold CG n,n 1 of n 1 -dimensional vector subspaces of C n .
We highlight here the results on stable parallelizability and cobordism for a restricted classes of generalized Dold manifolds as in these cases the results are nearly complete. ). (ii) Suppose that P := P (m; 1, . . . , 1) is stably parallelizable. Then it is parallelizable if ρ(m + 1) > ρ(m + 1 + n(n − 1)). If m is even, then P is not parallelizable.
The case when the flag manifold is a complex projective space corresponds to the classical Dold manifold P (m, n − 1). In this special case the above result is due to J. Korbaš [9] . See also [21] in which J. Ucci characterized classical Dold manifolds which admit codimension one embedding into the Euclidean space.
The above theorem leaves out the case when m ≥ 1 is odd and ν 2 (k) ≥ ν 2 (n). See Remark 3.8 for results on vanishing of [P (m; n 1 , . . . , n r )].
Our proofs make use of basic concepts in the theory of vector bundles and characteristic classes. We first introduce, in §2, the notion of a σ-conjugate complex vector bundle over X where σ is an involution on X and associate to each such complex vector bundle a real vector bundle overω. We establish a splitting principle to obtain a formula for the StiefelWhitney classes ofω in terms of certain 'cohomology extensions' of Stiefel-Whitney classes of ω, assuming that H 1 (X; Z 2 ) = 0. This leads to a formula for the Stiefel-Whitney classes of P (m, X) when X is a smooth almost complex manifold and σ is a complex conjugation. Proof of Theorem 1.1 uses the main result of [18] , the Bredon-Kosiński's theorem [3] , and a certain functor µ 2 introduced by Lam [11] to study immersions of flag manifolds. Proof of Theorem 1.2 uses basic facts from the theory of Clifford algebras, a result of Conner and Floyd [5, Theorem 30 .1] concerning cobordism of manifolds admitting stationary point free action of elementary abelian 2-group actions, and the main theorem of [17] .
2. Vector bundles over P (m, X, σ)
Let σ : X → X be an involution of a path connected paracompact Hausdorff topological space and let ω be a complex vector bundle over X. Denote by ω ∨ the dual vector bundle Hom C (ω, C ). Here F denotes the the trivial F-line bundle over X where F = R, C. Note that, since X is paracompact, ω admits a Hermitian metric and so ω ∨ is isomorphic to the conjugate bundleω. The following definition generalises the notion of a conjugation of an almost complex manifold in the sense of Conner and Floyd [5, §24] .
Definition 2.1. Let σ : X → X be an involution and let ω be a complex vector bundle over X. A σ-conjugation on ω is an involutive bundle mapσ : E(ω) → E(ω) that covers σ which is conjugate complex linear on the fibres of ω. If such aσ exists, we say that (ω,σ) (or more briefly ω) is a σ-conjugate bundle.
Note that if ω is a σ-conjugate bundle, thenω ∼ = σ * (ω).
Example 2.2. (i) Let σ be any involution on X. When ω = n C , the trivial complex vector bundle of rank n, we have E(ω) = X × C n . The standard σ-conjugation on ω is defined asσ(x, z j e j ) = (σ(x), z j e j ). Here {e j } 1≤j≤n is the standard basis of C n . Thus (n C ,σ) is σ-conjugate bundle.
(ii) Let X = CG n,k and let σ : X → X be the involution L →L. Then the standard σ-conjugation on n C defines, by restriction, a σ-conjugation of the canonical k-plane bundle γ n,k . Explicitly, v →v, v ∈ L ∈ CG n,k , is the required involutive bundle map σ : E(γ n,k ) → E(γ n,k ) that covers σ. Similarly the orthogonal complement β n,k := γ ⊥ n,k is also a σ-conjugate bundle.
N is a complex projective manifold defined over R and σ : X → X is the restriction of complex conjugation [z] → [z], then the tangent bundle τ X of X is a σ-conjugate bundle. Indeed the differential of σ, namely T σ : T X → T X is the required bundle mapσ of τ X that covers σ. As mentioned above, this classical case was generalized by Conner and Floyd [5, §24] to the case when X is an almost complex manifold.
(iv) If ω, η are σ-conjugate vector bundles over X, then so are Λ r (ω), Hom C (ω, η), ω ⊗ η, and ω ⊕ η. For example, ifσ andσ are σ-conjugations on ω and η respectively, both covering σ, then Hom C (ω, η) f →σ • f •σ ∈ Hom C (ω, η) is verified to be a conjugate complex linear bundle involution of Hom C (ω, η) that covers σ.
(v) Any subbundle η of a σ-conjugate complex vector bundle ω over X is also σ-conjugate providedσ : E(ω) → E(ω) satisfiesσ(E(η)) = E(η).
2.1.
Vector bundle associated to (η,σ). Let η be a real vector bundle over X with projection p η : E(η) → X and letσ : E(η) → E(η) be an involutive bundle isomorphism that covers σ. We obtain a real vector bundle, denotedη, over P (m, X, σ) as follows: (v, e) → (−v,σ(e)) defines a fixed point free involution of S m × E(η) with orbit space P (m, E(η),σ). The map pη :
is the projection of the required bundleη.
This construction is applicable when η = ρ(ω), the underlying real vector bundle of a σ-conjugate complex vector bundle (ω,σ). If β is a (real) subbundle of η such that σ(E(β)) = E(β), then the restriction ofσ to E(β) defines a bundleβ which is evidently a subbundle ofη.
We shall denote by ξ the real line bundle over P (m, X, σ), often referred to as the Hopf bundle, associated to the double cover S m × X → P (m, X, σ). Its total space has the description
. Then π is the projection of a fibre bundle with fibre X.
is a bundle map that covers the projection π : P (m, X, σ) → RP m and so
If σ(x 0 ) = x 0 ∈ X, then we have a cross-section s :
2.2.
Dependence ofω onσ. It should be noted that the definition ofη depends not only on the real vector bundle η but also on the bundle mapσ that covers σ. For example, on the trivial line bundle R , ifσ(x, t) = (σ(x), t), thenˆ R ∼ = R , whereas ifσ(x, t) = (σ(x), −t), thenˆ R is isomorphic to ξ.
When ω = τ X is the tangent bundle over an almost complex manifold (X, J) and σ = T σ where σ is a conjugation on X, (i.e., satisfies J σ(x) • T x σ = −T x σ • J x ∀x ∈ X), the vector bundleτ X is understood to be defined with respect to the pair (τ X, T σ).
Let k, l ≥ 0 be integers and let n = k+l ≥ 1 and let s 1 , . . . , s n be everywhere linearly independent sections of the trivial bundle n R . Denote by ε k,l : X ×R n → X ×R n the involutive bundle map n R covering σ defined as
Let (ω,σ) be a σ-conjugate complex vector bundle and let η be a real vector bundle which is isomorphic to the real vector bundle ρ(ω) underlying ω. Suppose that f : ρ(ω) → η is a bundle isomorphism that covers the identity map of X. Setσ := f •σ • f −1 . Then σ is an involution of η that covers σ and hence defines a vector bundleη over P (m, X, σ). Lemma 2.3. We keep the above notations. (i) The real vector bundlesω andη over P (m, X, σ) associated to the pairs (ω,σ) and (η,σ) are isomorphic. In particularω ∼ =ω.
(ii) Suppose that ρ(ω) = η 0 ⊕ η 1 where η j , j = 0, 1 are real vector bundles. Suppose that σ(E(η j )) = E(η j ), thenω is isomorphic toη 0 ⊕η 1 whereη j is defined with respect to the pair (η j ,σ| E(η j ) ), j = 0, 1. (iii) Let n = k+l ≥ 1. Suppose that ρ(ω)⊕n R ∼ = N R , where N := 2d+n, and that ε d+k,d+l on N R restricts toσ on ρ(ω) and to
Proof. We will only prove (i); the proofs of remaining parts are likewise straightforward. Consider the map φ :
). Thus φ is Z 2 -equivariant and so induces a vector bundle homomorphismφ : P (m, E(ω),σ) → P (m, E(η),σ) that covers the identity map of P (m, X, σ). Restricted to each fibre, the mapφ is an R-linear isomorphism since this is true of f . Thereforeω andη are isomorphic vector bundles. Finally, let η =ω,σ =σ and f = id. Thenω ∼ =ω.
Example 2.4. (i) Consider the Riemann sphere S 2 = CP 1 . Let γ ⊂ 2 C be the tautological (complex) line bundle over CP 1 and let β be its orthogonal complement. As complex line bundles one has the isomorphism β ∼ =γ. It follows that from the above lemma that
(ii) Suppose that X = CG n,k and let σ : X → X be the conjugation L →L. As seen in Example 2.2(ii), v →v define conjugations of γ n,k , β n,k that cover σ. Note that γ n,k ⊕ β n,k = n C . By the above lemma we obtain thatγ n,k ⊕β n,k ∼ = dˆ C ∼ = d R ⊕ dξ. Also, the conjugations on γ n,k , β n,k induce an involution, denotedσ, on ω := Hom(γ n,k , β n,k ); see Example 2.2(iv). One has the isomorphism τ CG n,k ∼ = ω of complex vector bundles ( [11] ). Under this isomorphism, the bundle involutionσ corresponds to T σ : T CG n,k → T CG n,k . Thereforeω ∼ =τ CG n,k .
Splitting principle.
Denote by Flag(C r ) the complete flag manifold CG(1, . . . , 1). Let ω be a complex vector bundle over X of rank r ≥ 1 endowed with a Hermitian metric and let q : Flag(ω) → X be the Flag(C r )-bundle associated to ω. Thus the fibre over an x ∈ X is the space
The vector bundle q * (ω) splits as a Whitney sum q * (ω) = ⊕ 1≤j≤r ω j of complex line bundles ω j over Flag(ω) with projection
Suppose that σ : X → X is an involution and thatσ : E(ω) → E(ω) is a σ-conjugation on ω. We shall writeē forσ(e), e ∈ E(ω). One has the involution θ :
. Moreover, it restricts to a θ-conjugationθ j on the subbundle ω j for each j ≤ r.
Recall from §2.1 thatω is the real vector bundle with projection pω : P (m, E(ω),ω) → P (m, X, σ). Likewise, we have the real 2-plane bundleω j over P (m, Flag(ω), θ) with projection pω j :
The map q is in fact the projection of a fibre bundle with fibre the flag manifold Flag(C r ). Sincê θ = (θ 1 , . . . ,θ r ), applying Lemma 2.3 (ii) we see thatq
Recall that the first Chern classes mod 2 of the canonical complex line bundles ξ j over Flag(
. . , c r ]/I where I is the ideal generated by the elementary symmetric polynomials in c 1 , . . . , c r . Here the generators c j + I may be identified with the (integral) Chern class c 1 (ξ j ). In particular H * (Flag(C r ); Z) Sr = H 0 (Flag(C r ); Z) ∼ = Z and so a similar isomorphism holds for mod 2 cohomology.
Sinceω j restricts to the (real) 2-plane bundle ρ(ξ j ), we have c 1 (
In particular, it follows thatq induces a monomorphism in mod 2 cohomology.
The symmetric group S r operates on Flag(ω) by permuting the components of each flag L = (L 1 , . . . , L r ) and the projection q : Flag(ω) → X is constant on the S r -orbits. Moreover, θ • λ = λ • θ for each λ ∈ S r . This implies that the S r action on Flag(ω) extends to an action on
is constant on S r -orbits. It follows that the image of the ring homomorphismq
Sr of elements fixed by the induced action of S r on H * (P (m, Flag(ω), θ); Z 2 ). As the S r -action induces the identity map of P (m, X, σ) we see that it acts as H * (P (m, X, σ);
We summarise the above discussion in the proposition below.
Proposition 2.5. (Splitting principle) Let ω be a σ-conjugate complex vector bundle of rank r and let q : Flag(ω) → X be the associated Flag(C r )-bundle over X. Then, with the above notations, (i) the ω j are θ-conjugate line bundles for 1 ≤ j ≤ r, and,q
The image ofq * equals the subalgebra invariant under the action of the symmetric group S r on H * (P (m, Flag(ω), θ); Z 2 ).
We end this section with the following lemma which will be used in the sequel.
Lemma 2.6. We keep the above notations. Let ω be a σ-conjugate complex vector bundle over X. Suppose that Fix(σ) = ∅ and that H 1 (X; Z 2 ) = 0. Then Fix(θ) = ∅ and
Proof. Let σ(x) = x ∈ X and set V := p −1 ω (x). Thenσ restricts to a conjugate complex isomorphismσ x of V onto itself. Thus V ∼ =V . Then, setting Fix(σ x ) =: U ⊂ V , we see that V is the C-linear extension of U , that is, V = U ⊗ R C. The Hermitian product on V restricts to a (real) inner product on U . Let (K 1 , . . . , K r ) be a complete real flag in U and define L j := K j ⊗ R C ⊂ V . Then it is readily seen that L = (L 1 , . . . , L r ) belongs to Flag(ω) and is fixed by θ.
, using the Serre spectral sequence of the X-bundle with projection π : P (m, X, σ) → RP m . The same argument applied to the Flag(C r )-bundle with projection q : Flag(ω) → X yields that H 1 (Flag(ω); Z 2 ) ∼ = H 1 (X; Z 2 ) = 0. Now using the Flag(ω)-bundle with projectionq : P (m, Flag(ω), θ) → P (m, X, σ), we obtain that
We shall identify 
2.4.
A formula for Stiefel-Whitney classes ofω. Denote the Stiefel-Whitney polynomial 0≤i≤q w i (η)t i of a rank q real vector bundle η by w(η; t) and similarly the Chern polynomial 0≤i≤q c j (α)t j of a complex vector bundle α of rank q by c(α; t). Recall that when α is regarded as a real vector bundle, we have w(α; t) = c(α; t 2 ) mod 2. (See [13] .)
We shall make no notational distinction between c j (α) ∈ H 2j (X; Z) and its reduction mod 2 in H 2j (X; Z 2 ). In fact, we will mostly be working with Z 2 -coefficients.
Sinceω restricted to any fibre of π : P (m, X, σ) → RP m is isomorphic to ω (regarded as a real vector bundle), we obtain that, the total Stiefel-Whitney polynomial j * (w(ω; t)) = w(ω; t) = c(ω, t 2 ) where j : X → P (m, X, σ) is the fibre inclusion.
The following proposition yields the Stiefel-Whitney classes ofω when ω is a complex line bundle. Using this and the splitting principle, we will obtain a formula for the StiefelWhitney classes when ω is of arbitrary rank. The proposition was obtained in the special case of Dold manifolds in [21, Prop. 1.4] . Recall that ξ is the line bundle associated to the double cover S m × X → P (m, X, σ) and is isomorphic to π * (ζ).
Lemma 2.7. Let σ : X → X be an involution with non-empty fixed point set and let ω be a complex vector bundle of rank r over X. With the above notations, we haveω ∼ = ξ ⊗ω.
Proof. The total space of the bundle ξ ⊗ω has the description E(ξ ⊗ω)
ω (x)} where [v, x; t⊗e] = {(v, x; t⊗e), (−v, σ; −t⊗σ(e))}; hereσ : E(ω) → E(ω) is an involutive bundle map that covers σ and is conjugate linear isomorphism on each fibre. Thus we have the equalityσ(
Observe that [v, x;
] is a well-defined isomorphism of real vector bundles.
Simplifying assumptions. We shall make the following simplifying assumptions. (a) σ : X → X has a fixed point. As observed already, the X-bundle π : P (m, X, σ) → RP m admits a cross-section s :
induced by the homomorphism Z → Z 2 of the coefficient rings is surjective.
Example 2.8. (i) Let X be the complex flag manifold CG(n 1 , . . . , n r ) and let σ : X → X be defined by the complex conjugation on C n , n = n j . Then Fix(σ) is the real flag manifold RG(n 1 , . . . , n r ) = O(n)/(O(n 1 ) × · · · × O(n r )) so assumption (a) holds. Since X is simply connected, (b) also holds.
(ii) Let ω be a σ-conjugate complex vector bundle of rank r. Suppose that Fix(σ) = ∅ and that H 1 (X; Z 2 ) = 0. Let θ : Flag(ω) → Flag(ω) be the associated involution of the Flag(C r )-manifold bundle over X. (See §2.3.) Then Fix(θ) = ∅ and H 1 (Flag(ω); Z 2 ) = 0.
In the Serre spectral sequence of the bundle (P (m, X), RP m , X, π), we have E
where H k (X; Z 2 ) denotes the local coefficient system on RP m . The action of the fundamental group of RP m on H * (X; Z 2 ) is generated by the involution σ * :
. In order to emphasise the dimension, we shall write H 2 (σ; Z 2 ) instead of σ * . Also (b) implies that E 0,2
and (a) implies that the transgression E 0,2 3
∞ and that the image j * : H 2 (P (m, X); Z 2 ) → H 2 (X; Z 2 ) equals Fix(H 2 (σ; Z 2 )), where j : X → P (m, X) is the fibre inclusion. We have the exact sequence:
The homomorphism s * : H 2 (P (m, X, σ); Z 2 ) → H 2 (RP m ; Z 2 ) yields a splitting and allows us to identify Fix(H 2 (σ; Z 2 )) as a subspace of H 2 (P (m, X, σ); Z 2 ), namely the kernel of s * . We shall denote the image of an element u ∈ Fix(H 2 (σ; Z 2 )) byũ.
Lemma 2.9. Suppose that σ(x 0 ) = x 0 and H 1 (X; Z 2 ) = 0. Let s : X → P (m, X, σ) be defined as v → [v, x 0 ] and let ω be a σ-conjugate complex vector bundle over X of rank r. (ii) Sinceσ : E(ω) → E(ω) is a conjugate complex linear bundle map covering σ, we have σ
(iii) Using the isomorphism s * : H 1 (P (m, X); Z 2 ) ∼ = H 1 (RP m ; Z 2 ), it follows from (i) that w 1 (ω) = w 1 (ξ) = x. Since c 1 (ω) ∈ Fix(H 2 (σ; Z 2 )), the elementc 1 (ω) is meaningful. It remains to show that w 2 (ω) =c 1 (ω). Since j * (ω) = ω, we see that j * (w 2 (ω)) = w 2 (ω) = c 1 (ω) ∈ Fix(H 2 (σ; Z 2 )). On the other hand, w 2 (s * (ω)) = 0. So, under our identification of Fix(H 2 (σ; Z 2 )) with the kernel of s * , we have w 2 (ω) =c 1 (ω).
Remark 2.10. The above lemma shows that the elementc 1 (ω) ∈ H 2 (P (m, X); Z 2 ) is independent of the choice of the fixed point x 0 ∈ X (used in the definition s * ) since it equals w 2 (ω).
Suppose that ω is a σ-conjugate complex vector bundle of rank r over X. Since q * (ω) splits as a Whitney sum q * (ω) = ⊕ 1≤j≤r ω j , where q : Flag(ω) → X is the Flag(C r )-bundle, in view of Example 2.8, we have c 1 (ω j ) ∈ Fix(H 2 (θ; Z 2 )). Therefore we obtain their 'lifts'c 1 (ω j ) ∈ H 2 (P (m, Flag(ω); θ); Z 2 ). The bundleq * (ω) splits asq * (ω) = ⊕ 1≤j≤rωj (see Proposition 2.5(i)), whereq : P (m, Flag(ω), θ) → P (m, X, σ) is the projection of the Flag(C r )-bundle. Therefore e j (c 1 (ω 1 ), . . . ,c 1 (ω r )) = e j (w 2 (ω 1 ), . . . , w 2 (ω r )) is in H 2j (P (m, X, σ); Z 2 ). Here e j stands for the j-th elementary symmetric polynomial.
Notation: Setc j (ω) := e j (w 2 (ω 1 ), . . . , w 2 (ω r )) ∈ H 2j (P (m, X, σ); Z 2 ), 1 ≤ j ≤ r.
When j > r,c j = 0. Observe thatc j (ω) restricts to c j (ω) ∈ H 2j (X; Z 2 ) on any fibre of π : P (m, X, σ); Z 2 ) → RP m .
We have the following formula for the Stiefel-Whitney classes ofω.
Proposition 2.11. We keep the above notations. Let ω be a σ-conjugate complex vector bundle over X. Suppose that H 1 (X; Z 2 ) = 0 and that Fix(σ) = ∅. Then,
Proof. The case when ω is a line bundle was settled in Lemma 2.9. In the more general case, we apply the splitting principle, Proposition 2.5(i). The bundle isomorphismq * (ω) = ω 1 ⊕ · · ·ω r given in Proposition 2.5(i) leads to the formula
The proposition follows from Lemma 2.9 and the definition ofc j (ω) since w 2 (ω j ) =c 1 (ω j ).
The tangent bundle of P (m, X)
Let X be a connected almost complex manifold and let σ : X → X be a complex conjugation. Thusσ = T σ is a σ-conjugation. The manifold P (m, X, σ) will be more briefly denoted P (m, X). The bundleτ X restricts to the tangent bundle along any fibre of π : P (m, X) → RP m and so is a subbundle of τ P (m, X). Clearlyτ X is contained in the kernel of T π : T P (m, X) → T RP m . In factτ X = ker(T π) since their ranks are equal. Therefore we have a Whitney sum decomposition
We assume that Fix(σ) is non-empty and hence a smooth manifold of dimension d = (1/2) dim X. Also we assume that H 1 (X; Z 2 ) = 0. Using the fact that w(RP m ) = (1 + x) m+1 , and applying Proposition 2.11, we have Theorem 3.1. Let X be a connected compact almost complex manifold with complex conjugation σ. Suppose that Fix(σ) = ∅ and that H 1 (X; Z 2 ) = 0. Then:
As an application of the above theorem we obtain (ii) P (m, X) admits a spin structure if and only if X admits a spin structure and m+1 ≡ d mod 4.
Proof. Since P (m, X) = (S m × X)/Z 2 , it is readily seen that P (m, X) is orientable if and only if the antipodal map of S m and the conjugation involution σ on X are simultaneously either orientation preserving or orientation reversing. The latter condition is equivalent to m + 1 ≡ d mod 2. Alternatively, from Theorem 3.1, we obtain that w 1 (P (m, X)) = (m + 1 + d)x, which is zero precisely if m + d is odd.
Using the same formula, we have w 2 (P (m, X)) = (
The existence of a spin structure being equivalent to vanishing of the first and the second Stiefel-Whitney classes, we see that P (m, X) admits a spin structure if and only if X admits a spin structure and The notions of of stable parallelizability and parallelizability were recalled in the Introduction. Recall from §2.2 the σ-conjugation ε k,n−k : X × R n → X × R n , defined with respect to a set of everywhere linearly independent sections s 1 , . . . , s n . Theorem 3.3. Let σ be a conjugation on a connected almost complex manifold X and let dim R X = 2d. Suppose that Fix(σ) = ∅. Then: (i) If P (m, X) is stably parallelizable, then X is stably parallelizable and 2 ϕ(m) |(m + 1 + d).
(ii) Suppose that ρ(τ X) ⊕ n R ∼ = (2d + n) R as real vector bundle. Suppose that the bundle map ε d+k,d+n−k of (2d + n) R covering σ restricts toσ = T σ on T X and to ε k,n−k on n R .
is stably parallelizable. (iii) Suppose that m is even and that P (m, X) is stably parallelizable. Then P (m, X) is parallelizable if and only if χ(X) = 0.
Proof. (i) If E → B is any smooth fibre bundle with fibre X, the normal bundle to the fibre inclusion X → E is trivial. So if E is stably parallelizable, then so is X. It follows that stable parallelizability of P (m, X) implies that of X. Let x 0 ∈ Fix(σ) and let s : RP m → P (m, X) be the corresponding cross-section defined
. In view of Lemma 2.9 and the bundle isomorphism (3), we see that
(ii) Our hypothesis implies, using Lemma 2.
Since dim P (m, X) = 2d + m < 2d + n + 1 + m, we may cancel the factor kξ ⊕ (n − k) R on both sides [7, Theorem 1.1, Ch. 9], leading to an isomorphism
(iii) Since m is even, P (m, X) is even dimensional. By Bredon-Kosiński's theorem [3] , it follows that P (m, X) is parallelizable if and only if its span is at least 1. By Hopf's theorem, span P (m, X) ≥ 1 if and only if χ(P (m, X)) vanishes. Since χ(P (m, X)) = χ(RP m ).χ(X) = χ(X) as m is even, the assertion follows.
The stable span of a smooth manifold M is the largest number s ≥ 0 such that τ M ⊕ R ∼ = (s + 1) R ⊕ η for some real vector bundle η. We extend the notion of span and stable span to a (real) vector bundle γ over a base space B in an obvious mannner; thus span(α) is the largest number r ≥ 0 so that γ ∼ = α ⊕ r R for some vector bundle α. If rank of γ equals n and if B is a CW complex of dimension d ≤ n, then span(γ) ≥ n − d. See [7, Theorem 1.1, Ch. 9]. It follows that if n > d, then span(γ) = stable span(γ). (ii) The following bounds for the span and stable span of P (m, X) are easily obtained.
• stable span(P (m, X)) ≤ min{d + span(m + d + 1)ζ, m + stable span(X)},
• span(P (m, X)) ≥ span(RP m ). If m is even and χ(X) = 0, then χ(P (m, X)) = 0. Since dim P (m, X) is even, it follows by [10, Theorem 20.1] , that span(P (m, X)) = stable span(P (m, X)).
We illustrate Theorem 3.3 in the case when X is the complex flag manifold CG(n 1 , . . . , n r ), where the n j ≥ 1 are positive integers and n = 1≤j≤r n j , with its usual differentiable structure. It admits an U (n)-invariant complex structure and the smooth involution σ : X → X defined by the complex conjugation on C n is a conjugation, as remarked in Example 2.8(i). We assume, without loss of generality, that n 1 ≥ · · · ≥ n r . We denote by P (m; n 1 , . . . , n r ) the space P (m, CG(n 1 , . . . , n r )). Note that CG(1, . . . , 1) is the complete flag manifold Flag(C n ).
The classical Dold manifold corresponds to r = 2 and n 1 ≥ n 2 = 1. Theorem 1.1 in this special case is due to J. Korbaš [9] . (Cf. [21] , [12] .)
Proof of Theorem 1.1. When n j > 1 for some j, the flag manifold X = CG(n 1 , . . . , n r ) is well-known to be not stably parallelizable; see, for example, [18] . (Cf. [8] .) So, by Theorem 3.3, the non-trivial part of theorem concerns the case when the flag manifold is stably parallelizable, namely, n j = 1 for all j. It remains to determine the values of m for which P = P (m; 1, . . . , 1) is stably parallelizable. This is done in Proposition 3.5 below.
The manifold X = CG(1, . . . , 1) has non-vanishing Euler characteristic; in fact, χ(X) = n!, the order of the Weyl group of U (n). When m is even, it follows that χ(P ) = n! and so span(P ) = 0.
Suppose that ρ(m + 1) > ρ(m + 1 + n 2 ). Then span(P ) ≥ span(RP m ) ≥ ρ(m + 1) − 1 whereas the span of the sphere of dimension dim P = m + 2d = m + n(n − 1) equals ρ(m + 1 + n(n − 1)) − 1. So, by Bredon-Kosiński theorem [3] , P is parallelizable if it is stably parallelizable and ρ(m + 1) > ρ(m + 1 + n(n − 1)).
It is known that Flag(C n ) is stably parallelizable, but not parallelizable, as a real manifold (Cf. [11, p.313] .) (The non-parallelizability of Flag(C n ) follows immediately from the fact that χ(Flag(C n )) = 0.)
As a preparation for the proof of Proposition 3.5 we recall a certain functor µ 2 introduced by Lam [11, § §4-5] . This allows us to apply Lemma 2.3(iii).
The functor µ 2 = µ 2 C associates a real vector bundle to a complex vector. 2 We assume the base space to be paracompact so that every complex vector bundle over it admits a Hermitian metric. If V is any complex vector space µ 2 (V ) is defined as µ 2 (V ) = V ⊗ C V /Fix(θ) where θ :V ⊗ V →V ⊗ V is the conjugate complex linear automorphism defined as θ(u⊗v) = −v⊗u. As with any continuous functor ([13, §3(f)]), µ 2 is determined by its restriction to the category of finite dimensional complex vector spaces and their isomorphisms. The functor µ 2 has the following properties where ω, ω 1 , ω 2 are all complex vector bundles over a base space X. The first three were established by Lam. (i) rank(µ 2 (ω)) = n 2 where n is the rank of ω as a complex vector bundle. 2 Lam defined µ 2 in a more general setting that includes (left) vector bundles over quaternions as well.
(ii) µ 2 (ω) ∼ = R if ω is a complex line bundle. Indeed, choosing a positive Hermitian metric on ω, the map E(µ
2 ) ∈ X × R, z ∈ C is a well-defined real vector bundle homomorphism. It is clearly non-zero and since the ranks agree, it is an isomorphism.
Ifσ is a conjugation of a complex line bundle ω with a Hermitian metric ., . covering an involution σ such that u,
is the identity on each fibre under the isomorphism µ 2 (ω) ∼ = R of (ii) since ||σ(u)|| = ||u||. ).
Proof. Recall ([11, Corollary 1.2]) that τ CG(n 1 , . . . , n r ) ∼ = ⊕ 1≤i<j≤rγi ⊗ γ j where γ j is the j-th canonical bundle of rank n j whose fibre over (L 1 , . . . , L r ) ∈ CG(n 1 , . . . , n r ) is the complex vector space L j . We have
Applying µ 2 and using the above description of τ CG(n 1 , . . . , n r ) we obtain the following isomorphism of real vector bundles by repeated use of property (iii) of µ 2 listed above:
(Cf. [11, Theorem 5.1] .) Specialising to the case of X = Flag(C n ) we have µ 2 (γ j ) ∼ = R . The involution σ : X → X defined as L →L induces a complex conjugation ofσ = T σ on τ X which preserves the summands ω ij :=γ i ⊗ γ j , i < j, yielding a conjugationσ ij on it. The bundle involution ε d,d (covering σ) on the summand on the right ⊕ 1≤i<j≤n ρ( C ), defined with respect to the basisē i ⊗ e j ,ē i ⊗ √ −1e j , 1 ≤ i < j ≤ n, and ε 0,n on the summand ⊕ 1≤i≤n R (ē i ⊗ e i ) defined with respect toē i ⊗ e i , 1 ≤ i ≤ n, together define an involution, denoted ε, that covers σ. Under the isomorphism, ε restricts to T σ on τ X and to ε 0,n on ⊕ 1≤i≤n µ 2 (γ i ) defined with respect to a basisū i ⊗ u i , 1 ≤ i ≤ n, where u i ∈ L i with ||u i || = 1. It follows, by using (v) above and Lemma 2.3, that ). This completes the proof. For example when n = 2 s , s ≥ 4, P is parallelizable only when m ∈ {1, 3, 7} and when n = 2 s − 2, s ≥ 5, m ∈ {2, 6}. When n = 6, P is not parallelizable for any m.
3.1.
More examples of parallelizable generalized Dold manifolds. We give examples of parallelizable manifolds P (m, X) for some other classes of X. Specifically, we take X to be certain (i) Hopf manifold, (ii) complex torus, and (iii) compact CliffordKlein form of a (non-compact) complex Lie group. In all these case, it turns out that (iii) More generally, suppose that G ⊂ GL(N, C) is a connected complex linear Lie group such that G is stable by conjugation A →Ā in GL(n, C). Suppose that Λ a discrete subgroup of G such that X = G/Λ is compact; that is, Λ is a uniform lattice in G. Assume thatΛ = Λ. (For example, G is the group of unipotent upper triangular matrices in GL(N, C) with Γ the subgroup of G consisting matrices with entries in Z[ √ −1].) Then X = G/Λ is holomorphically parallelizable, i.e., τ X is trivial as a complex analytic vector bundle. See [2] . In particular, τ X ∼ = d C . Let p : G → X be the covering projection. Denoting by g the Lie algebra of G, viewed as the space of vector fields on G invariant under right translation, we have a bundle isomorphism f : X × g → T X defined as (gΓ, V ) → T p g (V g ) ∀V ∈ g. This is well-defined since V is invariant under right-translation. Under this isomorphism, T σ is the standard σ-conjugation on d C . Sô τ X ∼ = dξ ⊕ d R . As the identity coset is fixed by σ, Fix(σ) = ∅. m; n 1 , . . . , n r ) is also odd and so [P (m; n 1 , . . . , n r )] = 0.
